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Abstract—An experimental and theoretical investigation of the velocity distribution in the laminar boundary
layers at a moving interface generated by a counter-current gas-liquid stratified flow has been made. No
similarity solution of the problem exists, as in the case of co-current motion of the phases. The solution is
carried out by means of the perturbation method. A comparison of the theoretical results with experimental
ones obtained by the use of hot-wire technique is performed.

In several papers, see e.g. Boyadjiev et al. Part I (1976), it is shown that there is a similarity
solution of the laminar boundary layers equations at the moving interface between co-current
streams. In the case of counter-current flow, due to the continuity of the stress tensor at the
interface no similarity solution of the problem exists and it is impossible to solve the problem in
terms of a simple parameter 8, =-U,~/Us".

Let us consider a counter-current gas-liquid stratified flow, figure 1. In the approximations of
the boundary layer theory we can write the equations of motion and continuity as follows:
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Figure 1. Sketch of the flow.
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Xo=x/l, Yo =y/l - Re™, Us = us|Us™, Vo = v6/Us™ - Reg™ "
Xe=(-x)l, Yo =~y/l-Re.™”, U, =~u /U, V, =~v. /U Re.™"?,
U’">0, Reg = Ug™ - lvg, Re. = U™ llwy,
0, = (U™ Us™) >0, 0= (ol Yo [ve) ™ (Us™ U2 [2]

The solution of [1] for the gas-liquid flow can be obtained as a series expansion of the powers
of the small parameters 9, and 6, (Boyadjiev et al. 1976):

U=U2+UC+0,UP+ 02U+ 08U+ 6,0, U2+ - - -, [3]

If one substitutes this series for Ug, Vs, UL and V. in [1], the different equations for each term
can be derived.

For the zeroth approximation for the gas and liquid velocity components one finds the known
solutions (Boyadjiev 1971, Boyadjiev & Piperova 1971):

UG(O) = f/(n)y n= YG/\/(XG )a UL(O) =] ’ [4]

i.e. no gas-liquid interaction exists.
In the consequent approximations for the gas velocity terms related with 8, one achieves the
solution (Boyadjiev 1971, Boyadjiev & Piperova 1971):

Us®=~(l/a)f"(n), Us"’=F'(n). (5]

Here, U accounts the effect of U, on the gas flow and Us"", the nonlinear effects of
superposition of the flows Us® and Us™. The functions f and F are found as a solution of

2f"'+ﬁ"=0
2Fm+an+an= _(l/aZ)flfm ((1 =f"(0)),
n=0f=f=F=F=0;, n-»f=1F=0

All other linear approximations for the powers of 8, and 4, are equal to zero, except U.?,
which is obtained as a solution of
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X aYJ : [6]

XL= 0, YL ?0, UL(Z) =
X.=0, Y, >, UL(Z) =
aUL(Z) o

X >0, Yo =0, =i x)




LAMINAR BOUNDARY LAYERS AT A MOVING INTERFACE 63

There is no similarity solution of [6] because of the last boundary condition, but it can be easily
solved by means of a Laplace transform:

Q= j T U, A(Xo, Yo) dXo [
0

For U,® we can write:
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In the same way one can evaluate the other approximations, but there appear great
computational difficulties. For example, the equation for Ug"? i
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In this case there is no similarity solution either, because of the last boundary condition.
From [3-8] one derives the velocity distribution in the laminar boundary layers at a moving
interface generated by counter-current gas-liquid stratified flow:
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In figures 2-6 are shown the velocity profiles predicted by [10] (the solid lines). The equations for
Vs and V, are easily derived from the continuity equations in [1].
Equations [10] allow the determination of the laminar layer thickness in both phases

0 = ﬂol\/(R'&eZ'>, o = ")1.1\/(}1\;—’;_) {11]

Us(x, 86)=09Us", ur(x. ~6.)=-09U.". (12)

using the conditions

Here 7 and 7, depend on 6,, 6, x and /. In the approximations of [10], 1 = nc(8,) and
N = 1. (6, X ). For example, from figure 2 s and m can be derived: 8, =0.05, 56 = 5.2,
6:=0.42, X; =0.083, 5. = 1.48.

There is no theoretical proof for the use of the perturbation method of solution of {1] eg. by
comparison of {10] with the results of the exact solution, as was made in the case of co-current
flow, Boyadjiev et al. Part I (1976). This is due to the nonsimilarity of [1]. That is why it must be
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Figure 2. Theoretical (solid lines) and experimental (points)  Figure 4. Theoretical (solid lines) and experimental (points)

velocity profiles for 8, = 0.050 and 6, = 0.429. velocity profiles for 8, = 0.100 and 8, = 0.152.
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Figure 3. Theoretical (solid lines) and experimental (points)  Figure 5. Theoretical (solid lines) and experimental (points)
velocity profiles for 4, = 0.067 and .8, = 0277. velocity profiles for 8, = 0.143 and 4, = 0.089.
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Figure 6. Theoretical (solid lines) and experimental (points) velocity profiles for 8, = 0.200 and 6, = 0.054.

solved numerically. The only proof for the validity of [10] for the velocity distribution in the
laminar boundary layers at a moving interface by counter-current gas—hquld stratified flow can be
achieved experimentally.

The experimental check of the theoretical results [10] was carried out on the laboratory
apparatus described in Boyadjiev et al. Part 2(1976), where the counter-current flow was
produced. The length of the gas-liquid interaction zone was 1.2 m and the depth 0.07 m for the
liquid phase and 0.14 m for the gas phase. All experiments were carried out at a temperature
27+ 1°C using a hot wire apparatus (DISA-type 55A01). A hot film gas probe (type 55A80) and a
probe type 55A81 for the liquid phase were used. The velocities were measured for y = +1.5 mm;
%3.0 mm; *4.5 mm etc. until constant velocities for the potential flows in the gas and in the liquid
phases were attained. The velocity profiles were measured for 12 values of x in the interval
0.1=x=<12m, and for 5 values of 6,(U.” varied in the interval 1.0-2.4cm/s and Ug",
7-30 cm/s). From the values obtained for ug(x, y) and u,(x, y), Us(n) and U, (X., Y.) were
calculated. The results obtained are compared in figures 2-6 with the theoretical velocity profiles,
calculated from [10]. The comparison of the theoretical (U.") and the experimental (U, Z) values
for 8, and 6, as shown in these figures and for X; = 0.083; 0.250; 0.333; 0.417; 0.500; 0.583; 0.677;
0.750; 0.917 is performed in figure 7. The coincidence of the theoretical and experimental results
is fully satisfactory. Here, one must take into account that the solution [10] is one order of
magnitude less than the similar results for the case of co-current flow.

The interfacial velocity for 0 <x <1 can be calculated from [10)

e {1

The comparison of the theoretical values of the interfacial velocity U, with the experimental
ones U is shown in figure 8.
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Figure 7. Comparison of the theoretical (U,”) and experimental (U.*) values of the velocity in the liquid
phase for different values of 8,, 8, and X,.
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Figure 8. Comparison of the theoretical (U,) (solid lines) and experimental (U.") (points) values of the
interfacial velocity.

The experimental results obtained, figures 2-8 are a proof of the validity of [10] for the
evaluation of velocity profiles in laminar boundary layers at a moving interface generated by
counter-current gas-liquid stratified flow.
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